A general theory of congruences of totally geodesic surfaces is presented. In particular their classification, based on the properties of induced affine connections, is provided. In the four-dimensional case canonical forms of the metric tensor admitting congruences of two-dimensional totally geodesic surfaces of rank one are given. Finally, congruences of two-dimensional extrema1 surfaces are studied.
Introduction
There has been a great deal of interest focused on totally null two-dimensional complex surfaces, so-called null strings or twistor surfacesll. This notion came into relativity theory in the course of investigations concerning the optical properties of congruences of null geodesic lines.
Any null direction can be viewed as an intersection of the two unique totally null two-dimensional complex subspaces of the complexified tangent space. Therefore one can associate with a field of such directions a pair of distributions of the corresponding subspaces, and a pair of simple self-dual and antiself-dual bivectors as well. It turns out that the congruence of null lines is geodesic and shear-free iff those bivectors are Maxwellian or they can be made such by an appropriate rescaling. This fact has been known as Robinson's theorem [2, 3] . On a complex analytic extension of the underlying real spacetime (if such an extension exists), Robinson's theorem can be put into a purely geometrical form since the condition on bivectors rephrased in terms of the corresponding distributions ensures their integrability. Integral submanifolds of those distributions are just null strings [4] .
The idea of employing congruences of null strings to study complex spacetimes came next. It resulted in a theory of H spaces and H H spaces and provided an alternative approach to algebraically special spacetimes [ 5-91,
The existence of a congruence of null strings is an unusual phenomenon. Due to the complex version of the Goldberg-Sachs theorem it is equivalent to an algebraic $ On leave of absence from the University of Warsaw, Poland.
I/ A surface is said to be totally null if its tangent spaces consist of null vectors. For a definition of a submanifold see [l] . In general, a submanifold S of M is not a topological subspace of M although it is so locally. Since we are interested in a local structure of congruences we shall consider, for simplicity, that sort of surfaces only.
0264-9381/89/030349+20$02.50 0 1989 IOP Publishing Ltd constraint on the curvature tensor [lo] . Unlike null strings, the surfaces of rank one or rank two and their congruences always exist. (The rank of a surface means the rank of the tensor field induced by ds2 on this surface.) Such surfaces have been studied in relation to so-called classical strings [ll-131. In [ 11) the name 'null string' was used for the first time to mean a two-dimensional extremal surface of rank one in a real spacetime. It must not be confused with a null string understood as a totally null, complex, two-dimensional surface in a complex spacetime.
The notion of such a null string combines in itself three features. The feature of a surface of constant rank, the feature of an extremal surface and finally the feature of a totally geodesic surface. It turns out that for the surfaces of rank one or two it is the last feature that is related to the properties of the curvature tensor. This is the motivation for our interest in congruences of totally geodesic surfaces.
In 9 2 a general theory of congruences of totally geodesic m-dimensional surfaces in an n-dimensional pseudo-Riemannian space is provided. In particular, a classification of totally geodesic surfaces based on the properties of an induced affine connection is given. Next, a deviation of the congruence is defined. This is a straightforward generalisation of the construction presented in [3, 8] . That last notion characterises the congruence as a whole rather than its individual surfaces. Next, a type of normal coordinate systems, to be employed in 9 3, is discussed, and finally a specialisation of the general theory to the four-dimensional case is performed. Section 3 deals with canonical forms of the metric tensor in a four-dimensional spacetime that admits a congruence of two-dimensional totally geodesic surfaces of rank one. There are some differential equations to be solved. To achieve this one first finds a form of the metric structure in a coordinate system associated with a congruence of geodesic two-dimensional surfaces (geodesic at the points of a two-dimensional submanifold, transversal to the leaves of the congruence). Finally, one forces those surfaces to be totally geodesic, i.e. geodesic everywhere.
Section 4 deals with integrability conditions of a distribution of two-dimensional subspaces of rank one, congruences of extremal surfaces and their relation to totally geodesic surfaces. Some facts presented here are known, essentially from [ll-131.
A general theory of congruences

Congruences
The objective of this section is to investigate fundamental properties of congruences of m-dimensional surfaces in n-dimensional real-analytic or complex pseudo-Riemannian space ( M , ds2), where 1 < m < n. It is to be noted, however, that some concepts of this section are also meaningful under assumptions weaker than the existence of a pseudo-Riemannian structure.
In this paper we adopt the following terminology and notation. The names of a surface or submanifold are to mean the same. A congruence of m-dimensional surfaces is a family C of m-dimensional submanifolds, such that (i) any point p E M belongs to one and only one surface of that family;
(ii) one can cover M by local coordinate systems {s', . , . , s m ; T I , . . . , T'-"'}, such that in their domains the surfaces of C are described according to T I =constant,. . . ,
T m =constant.
We shall also use the same name for local congruences, i.e. the ones for which (i) and (ii) are fulfilled on some open subset of M.
The coordinate systems of (ii) are called coordinate systems associated with the congruence. They are defined up to the transformations ?' = < I , ( +') ( 2 . 1 )
;J = ; ' ( S I , 7")
( 2 . 2 )
where i , j = l , . . . , m and i ' , j ' = m + l , ..., n.
We also consider fields of repers and corepers (not necessarily holonomic ones) associated with C. {tl, 5,) denotes a field of repers of that sort if it is a field of repers and { t l } , = l , , m at each point of its domain span the tangent space to the corresponding surface of C. Similar rules of notation are adopted in regard to components of geometrical objects. Finally, greek letters are reserved to denote the indices of objects related to a general coordinate system or a general field of repers. From now on Z is also to be called the tangent surface element of C and its restriction to S E C a surface element of S.
The surface element Z
Totally geodesic surfaces
The notion of a totally geodesic surface generalises the concept of a plane in the flat space. It is a submanifold S such that any vector tangent to S remains tangent to the surface during the parallel transport along rk'=oo.
(2.10)
Now it is not difficult to infer that (2.7) can be replaced by an equivalent condition:
where
Deviation of the congruence
There is another form of (2.11) that has been frequently used in relativity. To arrive at it let {a,} be some field of repers and let t: be defined by O U 2 . . . ' ,~~ is called a deviation of the congruence C (despite the fact that it is determined by C u p to a non-zero factor 4 as happens for the surface element Z). We should also like to stress that the deviation characterises the congruence rather than its individual members due to the fact that the definition (2.18) involves derivatives of Zu1-.'~~l in directions transversal (i.e. not tangent) to the leaves of the congruence.
Induced afJine connections
An affine connection of ( M , ds2) induces on each leaf of the congruence C, of totally geodesic surfaces, a natural affine connection [ 161. Indeed, the covariant derivative of a tangent vector field in the tangent direction is tangent vector again (2.7). Next let S E C and let { t,, f, } be a corresponding field of repers associated with C . Let { denote the restriction of t , to S ( { = f j 1 5 ) . Then { { } can be considered as a field of repers on S. An induced covariant derivative ' V is determined according to (2.20)
and it is not difficult to infer that the coefficients of an induced affine connection, in that field of repers, are
The properties of an induced affine connection can be used to distinguish some special classes of totally geodesic surfaces. Since these properties can be expressed also in terms of the curvature of an induced affine connection, we provide the corresponding formula taK:k, = tfRaLpy6tlf7 (2.22) where tP; is determined by (2.13) and Repvs is the Riemann tensor of ( M , ds2). K : k , will be called the curvature tensor of induced affine connections, because K :kJls is the curvature of the affine connection induced on S.
Totally geodesic surfaces admitting an absolute parallelism
A totally geodesic surface S is said to admit an absolute parallelism if an affine connection induced on S is flat. Consequently the following assertion is true. A congruence C consists of surfaces with an absolute parallelism iff Consequently a simple geometrical interpretation of the si follows. Indeed, si, where i is fixed, is an affine parameter along geodesic lines tangential to ti. Coordinate systems of that type are determined up to the transformations of the form (2.1) and (2.2) with ;'(si, T~' ) being linear functions of the si. Totally geodesic surfaces with an absolute parallelism are also referred to as the ones that admit an affine parametrisation [ 171.
Totally geodesic surfaces admitting a covariantly constant surface element
A totally geodesic surface S is said to admit a covariantly constant surface element if its surface element Z can be factored out in such a way that the new C is covariantly constant along S. Therefore, a congruence C consists of surfaces admitting covariantly constant surface elements iff C (2.3) can be chosen in such a way that
for any vector field X tangent to the leaves of C.
To work out the corresponding condition on Kijkl observe that in a coordinate
where h k = r& (2.12).
and (2.2) is
The transformation law of Ai accompanying the coordinate transformation (2.1)
Now from (2.11), (2.29) and (2.28) it follows that the surfaces of the congruence C admit covariantly constant surface elements iff
or equivalently
The last equation follows from (2.22) and the definition of C, (2.3).
Induced metric tensors
The pseudo-Riemannian structure of ( M , ds2) endows any m-dimensional submanifold S with a symmetric tensor field denoted by d s i . In general the rank of d s i ( p ) , i.e. the rank of the corresponding matrix, where p E S, depends on p. If, however, this number is constant one calls it the rank of S and dsfs is called an induced metric tensor of S. An expression for an induced metric tensor of a member S of the congruence Now suppose that C is a congruence of m-dimensional totally geodesic surfaces of rank r s m. Then the induced metric tensors are covariantly constant with respect to the corresponding induced affine connections. To prove this fact it suffices to make three observations. The surfaces of maximal rank are called non-singular surfaces, while those of rank zero are referred to as totally null. The existence of such submanifolds depends strongly on the signature of ds2 as well as on the properties of the curvature tensor of ( M , ds'). For instance, in a Riemannian space any surface turns out to be non-singular.
We now mention an interesting assertion concerning congruences of totally geodesic surfaces of maximal rank. for an arbitrary S E C. Therefore K 'Uk = 0, which is equivalent to (2.31). It is not difficult to prove (using, for example, the method of [l] ) that V p E F there exists an open neighbourhood U of p in M and an open neighbourhood N of the trivial cross section of the bundle IT^: DI U n T + U n F, such that expl, is one-to-one and onto U. Without loss of generality one can assume that there exists on U n F a coordinate system { T ' } and the vector fields {Xi}isL, ,m along U n F, such that
Normal coordinates along
on U, called a normal coordinate system along T.
From the above construction it follows that {si, 7 ' ) is a coordinate system associated with the congruence of m-dimensional surfaces ( T ' =constant), geodesic at the points of T n U. Moreover, for i being fixed, S I is an affine parameter along the geodesic lines tangent to X , ( q ) at q E U n 9. Hence in the coordinate system {s', T ' } : r;sv = o (2.35) and q E U n y i f f s ' ( q ) = O i = l , . . . , m.
Normal coordinates seem to be appropriate in a local description of ( M , ds2) that admits a congruence C of m-dimensional totally geodesic submanifolds. Indeed, for any point p E M one can construct, at least locally, a submanifold 9 passing through p and transversal to the leaves of C. Obviously the surfaces of C are geodesic (being totally geodesic) at the points of 9 Such coordinate systems are to be employed in 0 3.
The conformal structure and totally geodesic surfaces
The concept of a totally geodesic surface is meaningful within the conformal structure iff the surface is totally null. Indeed, let S be a totally geodesic submanifold and let 2.1 1. Congruences of two-dimensional surfaces in four-dimensional pseudo-Riemannian spaces
In the case of n = 4, m = 2 it is convenient to use latin capital letters instead of lower case letters. That enables us to employ various rules of the spinor algebra mechanically. In particular, for any field of repers associated with a congruence of two-dimensional surfaces (or more generally with a distribution of two-dimensional subspaces) one can determine skew-symmetric objects & A B , E , in a standard way [4] . Then, however, to avoid confusion, special care has to be taken to keep trace of the rules that have been applied to raise or lower the indices. There are three types of totally geodesic surfaces to be treated separately: the ones of rank zero, one and two respectively. Those of rank zero have been discussed extensively in [4, and recognised to be an important tool in the understanding of algebraically special complex spacetimes. In particular, a complex version of the Goldberg-Sachs theorem has been worked out. For our purposes we present it in the following form [4, 10, 171.
AB & A ' B '
Theorem 1. A complex empty spacetime admits a congruence of null strings iff there exists a non-trivial, simple and self-dual (or antiself-dual) bivector X such that C"PRPpp,,Xi"=O. (2.37) Then the leaves of this congruence admit a n absolute parallelism, (2.24).
For congruences of totally geodesic two-dimensional submanifolds of rank one or two, admitting affine parametrisation, only the trivial part of that theorem, i.e. necessity of the condition on Z, is known to be true. There are two interesting formulae concerning congruences of non-singular totally geodesic surfaces. The Gaussian curvature [16] of these surfaces can be expressed by From now on we employ the spinor-like rules to manipulate the indices of the corresponding objects, in those distinguished normal coordinate systems along 9 ( § 2).
In particular, gAB, gAB' and gA'B' are to mean the objects obtained from g A B , g A B ' and g A ? B , by that process. They must not be confused with the components of the contravariant metric tensor, which in this section are denoted by g-"*". It is not difficult to find the corresponding expressions on g-IAB, g-IAB' and g-lA'B' and on the determinant g of gWv as well. We have (3.6) .
The condition (3.1) for p = C is uC,BsB -uc + SCU M , M = 0 where A U C := g,As .
Finally, because of (3.7) one obtains (3.13) such that det(aiA'/arB') f 0 preserves the condition (3.1) and s A = 0 iff FA = 0. One finds that the corresponding components of the metric tensor transform according to Now, since gA, is known to be regular one infers that the singularity of RA can appear for (s,, s 2 ) = (0,O) only. That, however, is excluded by Hartog's theorem. Next the symmetry of regularity of R A and the same theorem again imply an expression ( 3 . 8 ) for gAB. (To use Hartog's theorem one has to have holomorphic functions. In our case these are the local complex analytic extensions of the corresponding real analytic ones.) That coordinate freedom is to be employed later on in this section. Now we notice only that, due to (3.14), one can always arrange Q A B to be such that QAB,C' = 0. In the next subsection we require a congruence C to be a congruence of totally geodesic surfaces of rank one.
Congruences of totally geodesic two-dimensional surfaces of rank one
Suppose that C is a congruence of totally geodesic, two-dimensional surfaces of rank one. In any coordinate system associated with C, { s A , 7") we have (see (2.10)) r-2; = 0. To proceed further notice that the determinant g of the metric tensor (3.5) is The solutions of (3.28) fall into two categories which correspond to the cases R = 0 and 0 # 0 respectively. character. To make that point clear we recall the following fact.
It turns out that the distinction between those two cases is of purely geometrical Lemma 2. If C is a congruence of two-dimensional totally geodesic surfaces of rank one then there exists a unique field of null directions tangent to the leaves of C, which is geodesic.
ProoJ:
The existence and uniqueness follow from the assumption concerning the rank of surfaces. Next, consider an integral line c of the field. It belongs to a certain leaf Y of C. It is not difficult to infer that any geodesic line intersecting c and tangent to c at the point of intersection must be identical with c.
The field of null directions determined by C can be represented by the vector field l A a l a s A or equivalently by the 1-form I :
Now, in case 1: 1 A d l = 0, i.e. the twist of 1 vanishes, while in case 2 it is non-zero. As a result of that discussion and lemma 1 we have a theorem.
Theorem 2. Let kA, la, k, , 1" be non-trivial constants, such that k" 1" = 1 and kAIA = 1.
Let C be a congruence of totally geodesic two-dimensional surfaces of rank one, and let 1 be a 1-form representing the field of null geodesic directions determined by C. Conversely, if ds2 is of that local form then the surfaces r A ' = constant constitute a congruence of totally geodesic two-dimensional submanifolds of rank one.
The coordinate freedom
General coordinate transformations that preserve condition (3.19) are given by A ( s B , T c ' ) (3.35)
; A ' = F A ' (~B ' ) . Henceforth we drop the regularity requirement for w A . and g A ' B ' , and we discuss the coordinate transformations preserving the form of ds2 (3.34) without regularity conditions.
One finds immediately that (3.37) and Note that (3.37) and (3.38) are not affected by the substitution of --TA, instead of iA,.
Bearing that in mind one infers from (3.37) that SA can always be represented according to 
From (3.38) it follows that
This condition ensures that (3.38) can be solved for u A , .
Later the two cases (see theorem 2 ) are to be discussed separately. 
Next the condition h M N t l M = k N J can be imposed. One obtains the following lemma.
where t,hM = $ M ( T~' ) .
Lemma 3. The coordinate transformations that preserve the form (3.34) of the metric tensor, without regularity conditions, in case 1, are given by where det((lAB)) f 0 # det((a;"'/a7"')). The form of the metric tensor can be determined by a direct integration of condition (3.54). Note, however, that the results of § 3.2 (theorem 2 ) already provide partial information about the metric structure. It is not difficult to infer that the remaining part of it is w A ' , B = 0.
(3.57)
Now the transformations (3.55) and (3.56) can be employed. It turns out that can be transformed into hAB,=-kAkBt, and also the form of wA, can be chosen conveniently. One obtains the following theorem. Conversely, if ds2 is of that local form then the surfaces T~' = constant constitute a congruence of totally geodesic two-dimensional surfaces of rank one, with an absolute parallelism.
The coordinate transformations that preserve the form (3.58) of the metric tensor are discussed in the appendix.
Two-dimensional surfaces of rank one
The notion of a two-dimensional surface of rank zero (a null string) combines in itself three features: the feature that the rank of an induced metric tensor is constant (equal to zero), the feature of being an extrema1 surface and, finally, the feature of being totally geodesic. This is not the case for two-dimensional surfaces of rank one (or two) and it is the purpose of this section to discuss that point in more detail.
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Congruences of two-dimensional surfaces of rank one
The surfaces of such a congruence can be considered as integral submanifolds of some distribution of two-dimensional subspaces. It is a well known fact that, given a distribution of two-dimensional totally null subspaces in a complex spacetime, its integrability conditions are equivalent to a certain restriction on the curvature tensor (the complex version of the Goldberg-Sachs theorem [lo] ). For a distribution of two-dimensional subspaces of rank one this is not the case. It turns out that its integrability conditions can be rephrased in terms of the unique field of null directions associated with the distribution. Indeed, assume integrability and let I = 1" d/ax" denote a vector field that represents the corresponding null directions. Let U = U , d/dx" be another vector field, such that I and U form at each point a basis of the corresponding subspace. ( U is necessarily non-null and orthogonal to I.) It is not difficult to prove that one can select U in such a way that
where the dot denotes a covariant directional derivative in the I direction. Thus U can be interpreted as a solution of an evolution equation; the initial data determined on a hypersurface transversal to 1 are propagated along integral curves of 1. There is a constraint on 1 that follows from the requirement
It is not difficult to prove that (4.4) where (Y and p are some functions. Finally let 1 be a given solution of (4.4). Let U be a solution of (4.2), such that on the hypersurface of initial data U is orthogonal to 1 and i, and U is non-null. Then U is orthogonal to 1 everywhere, since u"lp can be shown to satisfy a certain linear homogeneous equation. Therefore the following proposition holds.
Proposition 1. Let a null field 1 be a non-trivial solution of (4.4). Let U be a solution of (4.2), such that on the hypersurface of initial data it is orthogonal to I and i, and is non-null. Then 1 and U define an integrable distribution of subspaces of rank one. Conversely, any integrable distribution of two-dimensional subspaces of rank one can be reconstructed in that way. Then one can prove (employing (2.8)) an identity:
Congruences of two-dimensional extremal surfaces and totally geodesic surfaces
where denotes the scalar product. Incidentally, this formula can be used to prove that (4.5) implies an appropriate rescaling of C, i.e. such that (4.7) holds. From the identity (4.9) it follows immediately that any two-dimensional surface of rank zero is an extremal surface. Also, it is not difficult to infer that any surface of rank one is an extremal surface iff the unique field of null directions tangent to it is geodesic [ 111. Therefore the following proposition is true.
Proposition 3. Let 1 be a non-trivial, null and geodesic vector field and let v be as described in proposition 1.
Then 1 and v determine a congruence of two-dimensional extremal surfaces of rank one (as integral submanifolds of the corresponding distribution).
Conversely, any congruence of two-dimensional extremal surfaces of rank one can be reconstructed in that way.
By the comparison of (4.'6) and (2.14) one obtains the following corollary.
Corollary 3. Any two-dimensional totally geodesic surface S is also an extremal surface.
The conformal structure and extremal surfaces
It is not difficult to infer that within the conformal structure the concept of an extremal two-dimensional surface is meaningful only for surfaces of rank zero or one. Indeed, if dsI2 = W2 ds2, then for the corresponding Christoffel symbols we have where ;' and ; denote the corresponding covariant derivatives and X'*" =Q,'C"'. Now our assertion follows immediately if (4.6) of proposition 2 is taken into consideration.
4.4.
Di'erential forms a n d congruences of extremal surfaces A congruence C of two-dimensional surfaces can be described locally by its surface element E. It has been determined originally as a contravariant 2-vector ( § 2). In this section we shall call by the same name the corresponding covariant object, i.e. a 2-form (4.12) C = $ZPY d x P A dx".
Then the vectors tangent to the leaves of C are the vectors annihilated by *C.
The convention is such that for a p-form w, where (4.13) where 6 = *d*. Now suppose that C (4.12) is a surface element of a congruence C of twodimensional extremal surfaces. Without loss of generality one can assume that C is subject to (4.7). It is not difficult to prove that (4.7) is equivalent to are satisfied. Equation (4.7) is invariant with respect to the rescalings of Z, C + A -Z by a non-zero factor A, constant along the leaves of the congruence, i.e. such that A,,Z'" = 0. That freedom of I; can be employed to make the right-hand side of (4.19) equal to zero. Indeed, it is already so for Z representing a congruence of singular surfaces. Otherwise, if C J = $Z,,,Zgv # 0 then C J I; turns out to be constant along the leaves of the congruence. This fact is a consequence of (4.7), (4.8) and (4.9). (It suffices to perform appropriate contractions of both sides of (4.9) and apply (2. 81.) Thus we have the following final result. From corollary 3 it follows that corollary 5 can be applied to congruences of totally geodesic surfaces.
Appendix. The coordinate transformations
The coordinate transformations that preserve the form (3.58) of the metric tensor in 
